Taylor Theorem

Assume f is differentiable k + 1 times over (a, b). Let £®) be the i-th derivative
function, assume f(9 is continuous forall i = 0,1, ..., k.

Then there exists ¢ € (zg, z) s.t.

(k)
-(w—wo)2+---+fk—(!xo)-(x—wo)k+

F*(e)

f(@) = f(=0) + f'(wo)(x — m0) + ICE

1. Remark: base case k£ =0

There exists ¢ € (2, z) s.t. f(z) = f(xo) + f'(c)(x — x0), i.e. there exists ¢ € (zg, z)
s.t. f(c) = x) i (’”0) . This is exactly the MVT.

2. Proof:

Apply MVT once. Recall MVT (3), f, g satisfy the usual condition [a, b] — R. Then
there exists ¢ € (a,b) s.t. £ Ebg g((Z)) = ’; /((z)) .

In this case we want x : 2270 31;;’1( “) — #1(c). Choose

F(z) = f(u) — f(z) — f'(z) - (w — x). Then F(v) = numerator of LHS - f(x) and
F(u) = 0 and G(v) = denominator of LHS of (x) and G(u) =

Fl) _ : e £e)
Then £ G(u) G(v) = LHS of (x). Now MVT implies o - Now

Fi(z) = (f(u) = f(z) = f(2) - (u—2))" = = f'(2) — f'(2)(v—x) + f'(z) = —f"(z)(u — z)
. Thus, G'(z) = (u —z)-(—1) = —(u — z). We plug back in yielding

Fo _ *f"(c)(u <)
7o = g =1

3. Remark: for all £, do the same but with:

f¥(z)
Kl

u — z)kt1
F@) = 1) - 1) - 1) (w-) -+~ T o — o0 = BT



